We construct an action for four-dimensional extended string Newton-Cartan gravity which is an extension of the string Newton-Cartan gravity that underlies nonrelativistic string theory. The action can be obtained as a nonrelativistic limit of the Einstein-Hilbert action in General Relativity augmented with a term that contains an auxiliary two-form and one-form gauge field that both have zero flux on-shell. The four-dimensional extended string Newton-Cartan gravity is based on a central extension of the algebra that underlies string Newton-Cartan gravity.
Introduction
String Newton-Cartan (NC) gravity is an extension of NC gravity. In NC gravity, there is a onedimensional foliation direction of NC spacetime corresponding to the absolute time direction longitudinal to the worldline of a particle. In string NC gravity, this one-dimensional foliation structure is replaced by a two-dimensional foliation with the two (timelike and spatial) foliation directions longitudinal to the world-sheet of a string. String NC gravity is the nonrelativistic gravity that naturally arises in the context of nonrelativistic string theory [1, 2] . 1 It also arises in the study of nonrelativistic holography with nonrelativistic gravity in the bulk where it could be used to probe nonrelativistic conformal field theories (CFTs) at the boundary with (an infinite extension of) Galilean conformal symmetries [9] . The transformation rules and equations of motion of string NC gravity in any dimension can be obtained by taking a nonrelativistic limit of the transformation rules and Einstein equations of General Relativity augmented with a zero-flux two-form gauge fieldB µν [1, 10] . 2 This same two-form gauge field couples to the string via a Wess-Zumino (WZ) term when taking the nonrelativistic limit of string theory. This WZ term is crucial to cancel infinities that otherwise would arise when taking the nonrelativistic limit of string theory [1] . 3 Taking the nonrelativistic limit of the off-shell EinsteinHilbert term, one again obtains divergent terms. Unlike the on-shell case, these divergent terms cannot be cancelled by making use of a two-form gauge-field alone. Using a first-order formulation, we will show in this work that, in four-dimensional spacetime, the divergent terms that arise from the Einstein-Hilbert term can be cancelled by adding the following BF term to the Einstein-Hilbert term that contains not only the two-form gauge fieldB µν but also an additional one-form gauge fieldÂ µ :
Here κ is the gravitational coupling constant,R is the Ricci scalar andÊ is the determinant of the Vierbein fieldÊ µÂ . Both gauge fields have zero flux on-shell. They transform under gauge transformations with parametersη µ andζ as follows:
The Vierbein and the independent spin-connection Ω transform under Lorentz transformations in the usual way δÊ µÂ =ΛÂBÊ µB ,
All fields transform as tensors under general coordinate transformations with parametersΞ µ . Due to the presence of the additional gauge fieldÂ µ needed to write down the second term in the action eq. (1) one obtains, after taking the limit, not an action for string NC gravity but for a different nonrelativistic gravity theory which we call Extended String Newton-Cartan (ESNC) gravity. This ESNC gravity theory is based on a central extension of the algebra that underlies string NC gravity. We will call this extended algebra the ESNC algebra.
The above construction of a four-dimensional action for ESNC gravity is similar to an earlier construction of three-dimensional extended NC gravity 4 [11, 12] . The main difference is that in the three-dimensional case one defines a limit leading to a one-dimensional foliation and the two-form gauge field gets replaced by a one-form gauge fieldB µ leading to the following three-dimensional analogue of the four-dimensional action eq. (1):
In this work we will derive the transformation rules of the ESNC gravity fields and their curvatures by gauging the ESNC algebra. A standard part of this gauging procedure is to impose a set of so-called conventional curvature constraints expressing some of the gauge fields in terms of a set of independent fields. Usually, one imposes a maximal set of constraints in order to make the resulting theory irreducible. We will not do so here since we will take the nonrelativistic limit of first-order general relativity leading to a first-order nonrelativistic action whose equations of motion will automatically lead to a set of curvature constraints. It turns out that these curvature constraints are not identical to the maximal set of conventional constraints one could impose. As a consequence of this, we will find that not all components of the boost spin-connection fields can be solved for.
It is instructive to contrast this situation with first-order general relativity described by the action
In that case the equations of motion of the independent spin-connection fields yield precisely the maximum set of 24 constraints on the curvatures corresponding to the spacetime generatorsP that one imposes in the gauging procedure:R
These 24 curvature constraints can be used to solve for all 24 components of the spin-connection fieldŝ Ω µÂB . In the relativistic case, there are no geometrical constraints, i.e. constraints on the independent timelike Vierbein fields. In contrast, we find that in the nonrelativistic case the components of the boost spin-connection fields that remain independent occur as Lagrange multipliers in the nonrelativistic action imposing some (but not all) of the geometric constraints of ESNC gravity. 5 This is very similar to what happens in the case of the so-called Carroll and Galilei gravity theories [13] . Our work should be contrasted with the Post-Newtonian (PN) approximation to general relativity where one expands the Vielbein in powers of the speed of light c without introducing additional gauge fields like we do in this work. In particular, it has been recently shown that a large c expansion of general relativity coupled to matter can give rise to torsional NC gravity [14] and nonrelativistic actions [15] . The difference with this work is that in the PN approximation one considers truncations and general relativity coupled to (uncharged) matter whereas in this work we take a limit that is appropriate when considering sourceless (ignoring back-reaction) Einstein equations or string actions with the string charged under a two-form gauge field.
The organization of this work is as follows. In section 2 we will derive the transformation rules and curvatures of the independent gauge fields by gauging the 4D ESNC algebra. These ingredients will be needed to describe the 4D ESNC gravity theory. In section 3, we consider the relativistic action eq. (1) containing the extra two-form and one-form gauge fields. First, we will show how an action for the 4D ESNC gravity theory can be obtained by taking the nonrelativistic limit of the action eq. (1). Next, we will show how the nonrelativistic rules we derived in the previous section can be obtained by taking the limit of the relativistic transformations rules. In the same section we will obtain the second-order formulation of the 4D ESNC gravity theory and present the equations of motion. In section 4, we will show how, by truncation, the ESNC algebra is related to the 3D algebra that underlies extended NC gravity. Furthermore, we will show how the action describing 4D ESNC gravity reduces to the 3D nonrelativistic action for extended NC gravity given in [11, 12] . We will also briefly discuss the possibility of further extending the ESNC algebra. Finally, in section 5 we will discuss several issues that follow from our results. In Appendix A we will present the maximal set of conventional constraints that one can impose when gauging the ESNC algebra without requiring an action.
Gauging the 4D Extended String Newton-Cartan Algebra
We start by writing down the symmetries and generators of the 4D extended string Newton-Cartan algebra. For this purpose we split the flat indexÂ of General Relativity into an index A (A = 0, 1) longitudinal to the string and an index A ′ (A ′ = 2, 3) transverse to the string.
In [16, 17] it has been shown that the underlying algebra of string NC gravity is an extension of the string Galilei algebra that includes the non-central extensions Z A and Z . In this paper, we will refer to this extended string Galilei algebra as the string Newton-Cartan algebra, which conveniently implies that this is the algebra that underlies string NC gravity. It turns out that the 4D string NC algebra allows an additional central extension whose generator we denote by S. This central extension is the analogue of the second central extension of the 3D Bargmann algebra [18, 19] . 6 We thus end up with the following symmetries and corresponding generators: 
central extension S
We use the following terminology for the algebras that are formed by different sets of the above generators:
1. String Galilei algebra consists of the generators H A , P A ′ , M , G AA ′ and J .
2. String Newton-Cartan algebra is a noncentral extension of string Galilei algebra that includes the generators Z A and Z . This algebra underlies string NC gravity.
3. Extended String Newton-Cartan (ESNC) algebra is a central extension of the 4D string NC algebra in four dimensions that includes the generator S . This algebra underlies ESNC gravity.
We emphasize that the string Galilei algebra and the string NC algebra exist in any dimension, but that the ESNC algebra only exists in four dimensions. The non-zero commutators among the generators of the ESNC algebra are given by
and
We introduce a Lie algebra valued gauge field Θ µ that associates to each of the generators of the ESNC algebra a corresponding gauge field as follows:
Note that Σ µ is the longitudinal spin-connection while Ω µ is the transverse spin-connection. Considering the symmetries, we ignore the (longitudinal and transverse) translations and, instead, declare that all gauge fields transform as covariant vectors under reparametrizations with parameter ξ µ (x).
7
Under the remaining gauge transformations
the (independent) gauge fields transform as follows:
The curvature two-form F µν associated with Θ µ is
7 The reason for doing this is that in the next section we will take the nonrelativistic limit of general relativity in a first-order formulation. The 4D Einstein-Hilbert action in such a first-order formulation is invariant under Lorentz transformations and general coordinate transformations only [20] .
with the expressions for the curvature two-forms given by
At this stage one usually imposes a maximal set of so-called conventional curvature constraints in order to obtain an irreducible gauge theory. More precisely, one sets all curvatures equal to zero that contain terms of the form gauge field times a timelike Vierbein τ µ A or a spacelike Vierbein E µ A ′ .
Since these Vierbeine are invertable 8 this allows one to solve for (some of the components of) the gauge fields that multiply these Vierbeine in terms of the other terms that are contained in the expression of the curvature. However, we will find that imposing such a maximal set of constraints is not consistent with the existence of an action. For this reason, we will first construct in the next section a first-order nonrelativistic action and next impose only those curvature constraints that follow from the variation of this action. For completeness and to compare, we will give the details of the irreducible gauging (without an action) in Appendix A.
The Action
Our starting point is the first-order action eq. (1) containing the sum of the Einstein-Hilbert term and a term containing a two-form and one-form gauge field. Before taking the nonrelativistic limit of this action, we first wish to define an expansion of the relativistic fields occurring in the action eq. (1) in terms of the nonrelativistic ESNC fields defined in the previous section such that the correct transformation rules are reproduced. This leads us to define the following expansion in terms of a parameter ω which later will be taken to infinity:
where we have writtenÂ = (A, A ′ ) with (A = 0, 1; A ′ = 2, 3) and
8 See eq. (24) in the next section for the definition of the inverses.
Finally, we expand the relativistic symmetry parameters as follows:
where we have writtenΛ
First, we substitute the expansion eq. (14) into the action eq. (1). To simplify the calculation, it is convenient to work with the following formulation of the action that avoids the explicit appearance of inverse Vierbein fields:
After a straightforward calculation, we find that all divergent terms proportional to ω 2 cancel and that the remaining expression, after taking the limit ω → ∞, is given by the following nonrelativistic action describing the ESNC gravity theory:
We note that the non-central extension gauge field n µ does not occur in the action. Next, we substitute the expansions eqs. (14) and (17) into the relativistic transformation rules eq. (2) and eq. (3). This leads to the following equations for the nonrelativistic transformation rules for finite ω:
In principle, it is straightforward to use these equations to solve for the different transformation rules and take the limit ω → ∞. However, there is a subtlety with deriving the nonrelativistic transformation rule of the gauge field m µ A under the σ A -transformations. One would like to combine eqs. (21a)
9 Strictly speaking, we should also expand the g.c.t. parameters:
We find that under reparametrizations with parameter ξ µ all nonrelativistic fields transform as covariant vectors and that the next-order parameter σ µ does not contribute. 10 The inverse Vierbein fields will be needed later in the second-order formulation when we solve for the connection fields.
11 The first term can be viewed as a constrained BF term that is central in the Plebanski formulation of general relativity [21] , see, e.g., [22] . 
Since in the off-shell nonrelativistic action we cannot use that R µν A (H) = 0 , this transformation rule will not leave the action invariant by itself but violate it by terms that are proportional to R µν A (H). However, because all components of R µν A (H) are equations of motion, it is guaranteed that we can cancel all these terms by assigning appropriate transformation rules to the fields that give rise to these equations of motion. A careful analysis of the nonrelativistic action eq. (20) shows that the fields below have the following transformations under the σ A -transformations:
where the trace is taken over the longitudinal (AB) indices. We have used here the nonrelativistic inverse fields τ µ A and E µ A , which are defined by the following relations:
Furthermore, we have used the following simplified notation: when a spacetime index is contracted with the spacetime index of an (inverse) Vielbein field (with no derivatives acting on it), we replace this spacetime index with the flat index of this (inverse) Vielbein field. For example,
We can further rewrite the equations (23) as
where we have defined
Having resolved this subtlety, one obtains, after taking the limit ω → ∞, precisely the nonrelativistic transformation rules eq. (11) derived in the previous section 12 with all fields independent.
13
As a consistency check one may verify that the action eq. (20) is invariant under these nonrelativistic transformations.
The action eq. (20) provides a first-order formulation of the 4D ESNC gravity theory. In order to go to a second-order formulation we consider those equations of motion that give rise to conventional constraints on the curvatures. For this, we only need to vary the spin-connection fields Σ µ , Ω µ AA ′ and Ω µ in the first three terms. We do not vary the central charge gauge field s µ in the last term since that variation would lead to the 4 geometric constraints
12 Except for the σ A -transformations, see above. 13 We cannot derive in this way the transformation rule of the non-central extension gauge field nµ. This transformation rule will not be needed since the action eq. (20) is independent of nµ.
The numbers in brackets in eq. (27) indicate the number of constraints.
As it turns out, not all components of Ω µ AA ′ lead to conventional constraints. These are precisely the components that remain independent and cannot be solved for in terms of the Vierbein fields. To be concrete, the variation of the 4 components defined by
leads to the 4 geometric constraints
We will therefore not vary these 4 components. Finally, combining eqs. (27) and (30), we obtain in total 8 geometric constraints that can be written as follows:
Varying the remaining 20 components of the spin-connection fields Σ µ (4) , Ω µ (4) and Ω µ AA ′ (16 − 4 = 12), we obtain the following constraints:
By 'projection' in eq. (32c) we mean that the field equations that correspond to the variation of W AB A ′ are not included. 14 The above 20 constraints are all conventional and can be used to solve for the following 20 spin-connection components:
where the componentsW ABA ′ are related to the components W AB A ′ defined in eq. (29) as follows:
In the above equations we have used the definitions
The ∆-terms are torsion contributions to the spin-connections given by
These torsion terms will vanish once the geometric constraints are imposed. Substituting the expressions eq. (33) for the spin-connections back into the action eq. (20) we obtain the following second-order formulation of the 4D ESNC gravity theory:
It is now understood that all three spin-connection fields are dependent and given by the expressions eq. ( 
This concludes our discussion of the 4D ESNC gravity theory.
Relation to 3D Extended Newton-Cartan Gravity
In this section we discuss the relation between the present work and earlier work in three dimensions [11, 12] . By taking a dimensional reduction along the longitudinal spatial direction (A = 1) followed by a truncation setting some of the generators equal to zero, see eq. (40), the 4D ESNC algebra eq. (7) reduces to the 3D algebra that underlies the 3D extended NC gravity [11, 12] . The dimensional reduction and truncation can be done by using the following prescriptions:
where the barred generators correspond to the symmetries of the reduced 3D algebra as follows:
1. Galilei algebra consists of the generatorsH ,P A ′ ,Ḡ A ′ andJ .
2. Newton-Cartan algebra is a central extension of the Galilei algebra that includes the generator Z . This algebra underlies NC gravity. In the literature, this NC algebra is usually referred to as the Bargmann algebra.
3. Extended Newton-Cartan algebra is a central extension of the 3D NC algebra that includes the generatorS . This algebra underlies extended NC gravity. Note that in [11] a different terminology is used. There, the extended NC algebra is referred to as the extended Bargmann algebra and the extended NC gravity is referred to as the extended Bargmann gravity.
We emphasize that the Galilei and NC algebras exist in any dimension, but that the extended NC algebra only exists in three dimensions. As a result, the ESNC algebra eq. (7) reduces to
This matches the extended NC algebra introduced in [11, 12] . We can perform a similar dimensional reduction and truncation of the action eq. (20) along the longitudinal spatial y-direction which we take to be an isometry direction. Using the adapted coordinate system x µ = (x i , y) , i = 0 , 2 , 3 we have the following reduction and truncation of the various fields:
The gauge field s µ reduces to
Moreover, the spin connections reduce to
From this it follows that the various curvature two-forms reduce to
Note that all curvature two-tensors with y indices vanish after dimensional reduction. It then follows that the 4D ESNC gravitational action eq. (20) dimensionally reduces to
Hence, we find that the 3D action is given by
where k is the Chern-Simons level.
To match with the conventions in [11] , one needs to redefine the Galilean boost generator G A ′ as
Then, the commutation relations eq. (41) become
[
Furthermore, we need to redefineΩ
Consequently,R ij A
where the definition ofR ij A ′ (Ḡ) does not change. From all this it follows that the action eq. (47) now
which precisely equals eq. (5) in [11] .
Before closing this section, we mention briefly some further extensions of the ESNC algebra eq. (7) that one might consider. First, we introduce an extra generator S AB with S AB = S BA and η AB S AB = 2S with S being the central charge generator we considered in this work. Then, the commutation relation eq. (7e) is modified to be
In order to close the algebra, one has to include a new commutation relation,
Second, in addition to S AB , one may also include another generator S A by modifying eq. (7d) to be
In order to close the algebra, one has to include two new commutation relations,
In order to dimensionally reduce to three dimensions this new algebra that combines eqs. (7) and (53) ∼ (55), we take
Then, the commutation relations eq. (41b) become
In addition, we have one other non-vanishing commutator,
Together, these commutation relations give the algebra described in [12] .
Conclusions
In this work we showed how an action can be constructed for the 4D string Newton-Cartan (NC) gravity theory underlying nonrelativistic string theory provided an extra gauge field is introduced that signals a central extension in the string NC algebra. We called this extended gravitational theory Extended String Newton-Cartan (ESNC) gravity. The extra vector field is on top of the zero-flux two-form gauge field that needs to be added to obtain a finite limit of the relativistic string worldsheet action [1] . The vector and two-form gauge fields occur together in an extra term that needs to be added to the Einstein-Hilbert term in order to obtain a finite limit of the relativistic target space action, see eq.
(1). It would be interesting to see whether, requiring conformal invariance of the worldsheet action of 4D nonrelativistic string theory, leads to the equations of motion of string NC gravity (without an action) or to its ESNC gravity version (with an action) that is discussed in this work. Our results are a natural extension of earlier work in three dimensions [11, 12] where a ChernSimons (CS) action was constructed for the extended (particle) NC algebra. Indeed, we have shown how the extended NC algebra can be obtained from the ESNC algebra by reduction and truncation and how the 3D extended NC gravity action can be obtained from the 4D ESNC gravity action by a reduction over the spatial longitudinal direction followed by a truncation. It is clear that our procedure for constructing a nonrelativistic action can be generalized to general relativity in p + 3 dimensions where the divergences originating from the Einstein-Hilbert term are cancelled by adding the following term containing a (p + 1)-form gauge fieldB µ1···µp+1 and a one-form gauge fieldÂ µ :
The nonrelativistic limit leads to an action for extended p-brane NC gravity. The resulting nonrelativistic actions in different dimensions are related to each other by a dimensional reduction over one of the spatial isometry directions longitudinal to the p-brane followed by a truncation. It has been shown that an alternative way to obtain the 3D extended NC gravity action is to start from the Einstein-Hilbert action and to apply the technique of so-called Lie algebra expansions [23] . It would be interesting to see whether, similarly, the higher-dimensional p-brane NC gravity actions can be obtained by appropriate generalizations of such Lie algebra expansions. The 4D action constructed in this work is an extension of a 3D CS action in the sense that all terms in the first-order action eq. (20) are the wedge product of two one-form gauge fields with one two-form curvature as opposed to a 3D CS action where all terms are wedge products of a single one-form gauge field with a two-form curvature. The necessary condition for writing down a 3D CS action is that the underlying algebra allows a non-degenerate invariant bilinear form. It would be interesting to see what the necessary property of the 4D algebra is that allows the construction of a 4D action of the form eq. (20) and, furthermore, whether the action eq. (20) defines a non-relativistic example of a constrained BF theory.
Having constructed an action for nonrelativistic gravity is one step further in investigating the implications of nonrelativistic holography with nonrelativistic gravity in the bulk [9] . The price we had to pay in order to write down an action was the introduction of an extra vector field corresponding to a central extension in the algebra. It would be interesting to see how this extra vector field would fit into the target space geometry of 4D nonrelativistic string theory or its variation. In the case of the 3D (particle) NC algebra, the central extension has been related to the occurrence of anyons in three dimensions [18, 19] . What makes anyons possible in three dimensions is the fact that the transverse rotation group of a 3D particle is Abelian. The same property has been used to show that the spectrum analysis of 3D relativistic string theory does not follow the general pattern in arbitrary dimensions but, instead, gives rise to anyonic particles in the spectrum [24] . Here, in the nonrelativistic case, we are facing a similar situation with nonrelativistic strings in four dimensions where the rotation group transverse to the string is Abelian. It would be interesting to see whether the general spectrum analysis of nonrelativistic string theory [1] becomes special in four dimensions and could lead to extra (winding) anyonic strings in the spectrum that are absent in the general analysis. Such extra states could have important implications for the 3D boundary field theory such as the fractional quantum Hall effect where anyons do play a role. For a recent discussion of anyonic strings in the bulk and anyons/vortices at the boundary within a holographic context, see [25] .
reader we give the resulting expressions [10] ,
where we have used the definitions eq. (35). The transformations of these dependent gauge fields are identical to the ones given in eq. (11) before imposing the curvature constraints, except for an additional longitudinal Lorentz curvature term in the transformation of the n µ gauge-field under a gauge transformation with parameter σ A [10] . This is due to the fact that the additional constraint R µν A (Z) = 0 that we impose is not invariant under σ A -transformations, but instead transform into a longitudinal Lorentz curvature term. The explicit form of this term will not be needed since the gauge field n µ does not occur in the nonrelativistic action eq. (20) .
